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abstract: Progress in understanding the relationship between lin-
eage diversity, morphological diversity, and morphospace dynamics
has been hampered by the lack of an appropriate null model of
morphospace occupation. In this article, we introduce a simple class
of models based on branching random walks (BRWs) for continuous
traits. We show that many of the observed patterns of morphospace
occupation might be simply a consequence of the dynamics of BRWs
and therefore might not require special explanations. We also provide
expected patterns of morphospace occupation according to a number
of different conditions. In particular, we model BRWs on neutral
landscapes and demonstrate that clumping in morphospace is pos-
sible even in the absence of adaptive landscapes with well-defined
peaks and valleys. The quantitative definition of the BRW provides
a means to analyze, both computationally and analytically, patterns
of morphospace occupation according to different hypotheses.
Keywords: morphospace, random walk, evolution, diversification,
null model, neutral theory.
Macroevolutionary studies over the past few decades have
revealed several intriguing patterns. For instance, discor-
dance between morphological and taxonomic diversity is
common; that is, species richness of clades is often a poor
predictor of morphological diversity (Foote 1993, 1996;
Jernvall et al. 1996). Moreover, detailed studies have shown
that morphological evolution tends to be accelerated dur-
ing the early stages of the diversification of a group, in-
creasing faster than lineage diversification but also decel-
erating sooner (Foote 1996; Rueber et al. 1999; Thomas
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et al. 2000; Ciampaglio 2002). The search for the mech-
anisms underlying this deceleration in morphological di-
versification has generated considerable debate, particu-
larly regarding its most celebrated example: the
concentration of new animal phyla during the Cambrian
explosion (Gould 1989; Conway Morris 1998).
There are two main types of explanations for this pattern
(Erwin 1994; Valentine 1995). The empty ecospace hy-
pothesis (Hutchinson 1959; Valentine 1980, 1995; Valen-
tine and Walker 1986; Erwin et al. 1987; Valentine and
Erwin 1987; Foote 1990), which traces back to Darwin
(1859), suggests that evolutionary radiations begin in an
unfilled “ecospace,” which becomes saturated as lineages
diversify. In this light, the deceleration of morphological
evolution could be interpreted to reflect a transition to an
adaptive landscape marked by steeper peaks and deeper
valleys (Raup 1966, 1967; Saunders and Swan 1984; Swan
and Saunders 1987). Similarly, tighter morphological clus-
ters would represent groups of species with more finely
partitioned resources (Valentine 1969). Alternatively, the
genomic hypothesis (Valentine 1986; Valentine and Erwin
1987; Arthur 1997) posits that developmental processes
have become increasingly canalized (“entrenched”) over
the history of life, therefore preventing further morpho-
logical diversification. These hypotheses have proved dif-
ficult to disentangle because no unique predictions about
expected patterns of morphological diversification and
morphospace occupation have been proposed (Erwin
1994).
In this article, we argue that progress in understanding
the relationship between lineage diversity, morphological
diversity, and morphospace dynamics has been hampered
by a lack of an appropriate null model of morphospace
occupation. Previous studies led to important advances in
several fronts (Raup and Gould 1974; Slatkin 1981; Book-
stein 1988; Foote 1996; Gavrilets 1999b; Ciampaglio et al.
2001). Formative work by Raup and Gould (1974) posited
that seemingly nonrandom structure in the correlations of
phenotypic traits could arise as a consequence of branch-
ing processes in morphospace, a conclusion also reached
by Bookstein (1988), though the parameter regimes for
producing heterogeneities and/or clustering were not ex-
plored. The importance of stochastic fluctuations in caus-
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ing differences in rates of lineage and morphospace di-
versification was also highlighted (Raup and Gould 1974),
leaving open the question of the expected difference in
diversification rates calculated from ensemble averages,
that is, rates averaged over many realizations. The use of
random walks was extended by Slatkin (1981) to analyze
a diffusion-like model of morphospace dynamics in neu-
tral and nonneutral environments. The problem with tak-
ing the diffusion limit of branching processes is that doing
so eliminates fluctuations critical to generating realistic
patterns of morphospace occupation; for example, the
work of Young et al. (2001) notes the breakdown of the
diffusion approximation in a different context.
Recently, a series of stochastic models have been de-
veloped with a shared aim of describing general patterns
of morphospace dynamics of continuous and discrete
character traits (Foote 1996; Gavrilets 1999b; Ciampaglio
et al. 2001), with particular attention to the dynamics of
adaptive radiations. The rapid increase of morphological
disparity relative to lineage diversity is observed in these
simulations, a consequence, in part, of the relatively slow
growth in the variance of random walks relative to the
often exponential increase in the number of surviving lin-
eages. More detailed insights into whether heterogeneities
in morphospace can generally be classified as indicative of
selection, randomness, or constraints (or some combi-
nation thereof) are limited by the seeming multiplicity of
factors and parameters that could generate related pat-
terns. Analytical progress has been made by Gavrilets
(1999b), who developed an elegant model of morphospace
occupation that explained the commonly observed pattern
of deceleration in clade diversification in terms of the geo-
metric structure of morphospace without invoking major
declines in the size of morphological transitions or taxo-
nomic turnover rates. The reason for this effect is that as
a clade expands into morphospace, it becomes less and
less probable that a random morphological change will
lead outside the volume of the morphospace already oc-
cupied by the clade. This model was extended to incor-
porate the presence of hard boundaries that limit the range
of possible morphologies (“holey landscapes”), particu-
larly in the case of discrete characters (Gavrilets 1999a).
However, it would seem important to understand the dy-
namics of morphospace occupation in the case of contin-
uous quantitative characters without such boundaries so
that the basic impact of stochastic fluctuations in deter-
mining morphospace dynamics may be assessed.
To this end, we introduce a simple class of models based
on branching random walks (BRWs). We show that many
of the observed patterns of morphospace occupation might
be simply a consequence of the dynamics of BRWs and
therefore might not require special explanations. We also
describe patterns of morphospace occupation according
to a number of different conditions. In particular, we
model BRWs on neutral landscapes, and we demonstrate
that clumping in morphospace is possible even in the ab-
sence of adaptive landscapes with well-defined peaks and
valleys (Wright 1932). The quantitative definition of the
BRW provides a means to analyze, both computationally
and analytically, patterns of morphospace occupation ac-
cording to different hypotheses. We begin by treating the
simple case of a BRW without extinction and then consider
how extinction, logistic diversification, developmental en-
trenchment, varying dimensionality, and mass extinctions
might shape the characteristic features of morphospace
dynamics.
Branching Random Walks
Random walks have been commonly used in modeling the
evolution of quantitative traits in the case of evolution
through drift or when the direction of selection changes
randomly over time (Felsenstein 1985, 1988; Lynch 1990;
Martins 1994). The models presented here are based on
the branching random walk (BRW; Feller 1968, 1971; Dyn-
kin 1991; Le Gall 1999; Young et al. 2001), a process where
the number of walkers may change over time. In the con-
text of this article, each walker describes one lineage rep-
resented by a point in a d-dimensional morphospace. A
change in the position of the lineage in morphospacexi
represents change in the mean value of phenotypic char-
acters for that lineage. Branching and disappearance in the
BRW represent speciation and extinction, respectively. In
all BRWs that we examine, the change in the d-dimensional
position in trait space of every extant lineage is governed
by a continuous random walk of the form
dx p j(t)dW (t), (1)i i
where i is the index of the lineage, is the standardj(t)
deviation of the incremental change in the mean pheno-
typic character, and is a stochastic Wiener processW (t)i
satisfying (van Kampen′ ′dW(t )dW (t) p d d(t  t)dti j ij
2001). It is important to note that BRWs should be ap-
plicable in the context of characters under directional se-
lection, where the direction of selection changes randomly
with time, as well as for the neutral evolution of characters,
provided they are not influenced by epistatic interaction
with characters under selection.
The study of branching processes (Kendall 1948; Harris
1963; Jagers 1975; Harvey et al. 1994) and random walks
has been repeatedly applied to biological systems, and in
our view, it seems natural to combine and apply these
techniques to the problem of morphospace variation.
Models of BRWs are parametrized by the speciation rate
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b, the extinction rate m, and the diffusion rate D {
. The diffusion rate controls the change in mean phe-2j /2
notypic characters for extant lineages, while speciation and
extinction determine the rate of change in the total num-
ber of lineages. In this simplified null model view, there
are no peaks or valleys in the adaptive landscape and no
character-dependent interactions between lineages; none-
theless, a number of realistic patterns emerges despite this
seeming lack of complexity.
In this study, we assess the behavior of BRWs under a
variety of conditions by calculating statistical features of
the spatial distribution of lineages in concert with visual
representations of morphospace occupation. The statistical
analysis we implement includes measurements of mean
pairwise distance between lineages , total disparityL(t)




 L(t) p Fx (t)  x (t)F, (2) i jN(N  1) 1i, j i
and total disparity, ,2Z (t)
N
1
2 2 Z p (x  x ) , (3) i 0N ip1
capture the typical spread of phenotypic characters about
the population mean, where
N
1
 x p x0 iN ip1
is the average position of the lineages in morphospace.
Note that and the average pairwise distance squared2Z
are related by a simple algebraic relation, as derived in
appendix A. The cluster-size distribution is a more detailed
measure of how lineages are distributed in morphospace.
For a given separation r, the cluster-size distribution is
defined as the average size of clusters of lineages linked
by distances less than r. When , each lineage is ar r 0
distinct cluster, whereas when , the entire set of lin-r r 
eages naturally groups into a single cluster. Discontinuous
jumps in average cluster size at a given separation, as mea-
sured by the cluster-size distribution, provide a graphical
means to detect multiple scales of organization indicative
of nontrivial inhomogeneities (Plotkin et al. 2002). De-
tailed definitions and methodology to calculate these mea-
sures are provided in appendixes A and B. We explore the
behavior of BRWs and demonstrate how they can be used
as a suite of null models to assess how dynamical process
relates to evolutionary outcome.
BRW without Extinction
The simplest model of a BRW is one with a fixed speciation
rate, b, no extinction, , and a constant diffusionm p 0
rate, D. This type of BRW is equivalent to imposing spatial
diffusion atop a Yule process (Harris 1963). At , at p 0
single lineage is placed at the origin of a d-dimensional
morphospace, representing a flat adaptive landscape for
which change in any direction is equally likely. This lineage
is the progenitor of all subsequent lineages, whose average
number increases exponentially, . In simula-btAN(t)S p e
tions, as in rapid evolutionary diversification events, this
exponential increase in total number of lineages is not
expected to continue unbounded. To facilitate analysis of
BRWs without extinction, we set a cutoff at so thatt p tc
.AN(t p t )S p 500c
The dynamics of lineages is initially characterized by a
single lineage obeying a random walk in morphospace until
the first speciation event. Subsequent lineages increase in
number and cluster around the position of the first few
branch points. At , patterns in morphospace exhibitedt p tc
by BRWs without extinction show a single clump of points
spread over a characteristic distance, ,1/2r ≈ (dD log N /b)c c
without any significant scales of organization at smaller
scales. Note that rescaling time, , and space,t r bt x r
, collapses simulations with different parameters, b1/2(b/D) x
and D, onto the same universal pattern. Visualizations of
simulations of BRWs with different values of b and D con-
firm this collapse, as does analysis of the clustering function,
, which finds a threshold-like transition (see fig.ˆ ˆc(r, t p t )c
1 for details). A threshold-like transition implies that the
lineages group essentially in a single clump reflecting their
common phylogenetic history. Also, the average pairwise
distance squared, , is nonlinear with a transition at2AL (t)S
. This result stands in contrast to the naive expec-t ≈ 1/b
tation that is a linear function as it would be for2AL (t)S
random walks without branching. The nonlinearity arises
because ensemble averages weight equally those branching
processes with a different number of lineages, even though
late diversification of a process implies stronger correlations
among the traits of surviving lineages. A more detailed ex-
planation for this phenomenon and supporting results from
simulation can be found in appendix A. Note also that the
mean pairwise distance, , rises more rapidly at earlyAL(t)S
times than the expected number of lineages, .AN(t)S
BRW with Speciation and Extinction
A BRW with extinction is a more realistic evolutionary
model of the divergence of lineages than that of the pre-
vious section (“BRW without Extinction”). Because of the
stochastic nature of the process, a BRW with fixed spe-
ciation rate b and extinction rate m has a finite probability
Figure 1: Depiction of the behavior of BRWs under different conditions: (A) BRW without extinction, (B) BRW with speciation and extinction,
(C) BRW with logistic diversification, (D) BRW with developmental entrenchment. A series of snapshots of a typical BRW are depicted in the first
three figures corresponding to each type of process. The mean pairwise distance (solid lines) and mean pairwise distance squared (dashed2L(t) L (t)
lines) averaged over realizations in the column labeled “Separation.” Finally, a single calculation of the cluster size distribution of the2 33 # 10  10
morphospace occupation is depicted in the column labeled “Clustering.” In all cases, and increase with time during early diversification,2L(t) L (t)
but in the case of developmental entrenchment, these measures actually decrease. Normalization is with respect to the maximum value of separation
and disparity, and the time axis is dimensionless, . Notice also that the clustering of the BRW both with logistic diversification and witht r bt
developmental entrenchment differs qualitatively from the simple BRWs with and with .b 1 m 1 0 b 1 m p 0
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of persisting indefinitely if (Kendallp p 1  m/b b 1 ms
1948). We therefore consider only those processes for
which , since otherwise the diversification process isb 1 m
ensured to end in complete extinction. For the supercritical
case, , the average number of lineages increases ex-b 1 m
ponentially, .(bm)tAN(t)S p e
Analysis and visualizations of BRWs with findb 1 m
patterns similar to those with and , that is, ab 1 0 m p 0
single clumped pattern in morphospace. This is unsur-
prising given that both are in the supercritical regime,
. The elimination of lineages has many interestingb 1 m
consequences for reconstructing phylogenies (Harvey et
al. 1994; Nee et al. 1994), whereas here we are concerned
with the spatial distribution of extant lineages in morpho-
space instead of the temporal distribution of branch
points, though the two are certainly related (Edwards
1970). Rescaling the domain of morphospace distributions
based on the upper bound of total disparity, , suggests2Z (t)
that the presence of extinction merely retards the inevitable
expansion of lineages outward into morphospace. It would
appear that simple BRWs with can account for theb 1 m
relatively rapid increase in separation as compared with
growth in lineages.
BRW with Logistic Diversification
A longstanding debate in the literature concerns whether
lineage diversification is exponential or saturated (Benton
1997; Sepkoski and Miller 1998). The simplest model of
lineage saturation in a BRW is to describe the dynamics
of lineages via logistic growth (Walker and Valentine 1984),
dN N
p bN 1  , (4)( )dt K
where and K is the carrying capacity ofm(N) p bN/K
lineages in morphospace. The pattern of morphospace oc-
cupation in steady state can be markedly different from
that depicted in figure 1. At the fluctuating steady state,
the distribution of lineages in morphospace is typified by
well-separated clusters. For example, consider the results
of a typical simulation of a BRW with logistic growth, for
which . The time development of morphospaceK p 1,000
occupation is depicted in figure 2. Initially, the lineage
spreads out like a BRW without extinction (since
when ). But once the number of lineagesm(N) K b N K K
approaches saturation, the extinction rate becomes ap-
proximately equal to the speciation rate; heterogeneities
in spatial distributions are reinforced and introduced be-
cause of stochastic fluctuations in the BRW.
These fluctuations notwithstanding, how does the clus-
tering of lineages arise in the absence of selective pressures
or niche-based interactions? The answer lies in the inter-
play between branching and diffusion in the BRW; al-
though diffusion smooths out heterogeneities, the branch-
ing process intensifies them. The extinction of lineages
eliminates intermediates in morphospace while birth re-
inforces local clumping (because birth is by nature a mul-
tiplicative process centered around the mother). The
mechanism for clustering is similar to that outlined by
Young et al. (2001), though with drastically different initial
conditions.
The reason for clustering is as follows. Upon reaching
steady state, imagine that the lineages are distrib-N ≈ K
uted homogeneously over a morphospace volume V in d
dimensions. The length scale over which a mother and
daughter lineage separates before a subsequent branching
is . If mother and daughter lineages are un-1/2l p (dD/b)r
able to diffuse across typical separation distance l pr
, then clusters develop. Therefore, clustering be-1/d(V/N)
comes increasing likely as . At of figure 2,l 1 l t p 476r r
, confirming that we are in the clustering regime,l /l ≈ 1.5r r
whereas at , in accord with the lack oft p 6 l /l ≈ 0.35r r
clustering.
BRW with Developmental Entrenchment
Another means of making a BRW more realistic is to mod-
ify the condition that the diffusion rate remains constant.
A BRW with developmental entrenchment assumes that
the diffusion rate in morphospace decreases monotonically
with time; that is, . This decrease in diffusion(dD(t)/dt) ! 0
simulates inability of organisms to modify character traits
after initial diversification. Unsurprisingly, the morpho-
space occupation of such a BRW possesses the generic
feature of clustering after an initial period of rapid ex-
pansion and diversification.
A quantitative analysis of this clustering was conducted
for the specific case of
[(bm)t]/CD(t) p D # e , (5)0
where is arbitrary, , , andD b p 0.0069 m p b/2 C p0
. Using these parameters, the mean cluster size as a1.4
function of dimensionless radius was analyzed for a set of
ensembles. The results are presented in figure 3, where310
the mean cluster size is shown as a function of normalizedĉ
lineage separation . The curve rises rapidly, implying ther̂
presence of many small clusters, and then increases slowly
as . The clustering curve is contrasted with a curver̂ 1 1
derived from homogeneously distributed data possessing
only a single scale of organization, that is, that set by the
density of lineages. In the case of a BRW with develop-
mental entrenchment, there is no single scale defining the
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Figure 2: Series of snapshots of a typical BRW with logistic growth: and . The clustering of lineages in morphospace occursb p 0.069 K p 1,000
after a dynamic equilibrium in the number of lineages has been reached. In all cases, the time is labeled in dimensionless units, and the X- and Y-
axes are the same for each plot.
points in morphospace; multiple clusters are a generic
property of the long-term dynamics.
The explanation for the clustering is apparent when one
imagines the morphospace dynamics for a series of lineages
in the regime . In this slow-diffusion limit, in-D(t) r 0
dividual points do not mix, and hence fluctuations will
lead to the disappearance of some regions and the rein-
forcement of others; that is, , as explained in “BRWl k lr r
with Logistic Diversification.” The effect is further inten-
sified in the case of logistic growth. Note that in the long-
time limit, as , the reasons for clustering are nearlyD(t) r 0
the same as those espoused for clustering in the case of
spatially diffusing plankton (Young et al. 2001), though
we do not restrict ourselves to the special case .b p m
BRW in Higher Dimensions
Although descriptions of BRWs so far focused on two
dimensions, these methods apply equally well to higher
dimensions. A BRW in higher dimensions with andb 1 0
will show a nonlinear increase in mean pairwisem p 0
distance squared, though with an increased prefactor,
. The same is true for , that is, a BRW with1/2d b 1 m 1 0
speciation and extinction. The expected number of lin-
eages is not affected by the dimensionality of the system,
though this does not preclude hypotheses where the di-
mensionality of the morphospace is coupled to the satu-
rating number of lineages.
A possible distinction between and concernsd ≤ 2 d 1 2
whether the presence of clustering satisfies the definition
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Figure 3: Mean cluster size as a function of normalized separationˆ ˆc(r)
for the case of randomly distributed data (solid line) and ensemble-r̂
averaged BRWs with developmental entrenchment (dashed line). The
BRWs all have and , and the diffusion rate decaysb p 0.0069 m p b/2
over the dimensionless timescale . Notice that the slow increaset p 0.35
of the cluster size function for BRWs with developmental entrenchment
reflects the many small and intermediate clusters that develop as a result
of the slowing down of diffusion in morphospace.
of a phase transition, in the sense that spatial fluctuations
increase in an unbounded fashion with increasing time.
A recent analysis of a spatial lattice model with fluctuation-
induced clustering (Houchmandzadeh 2002) where b p
finds that fluctuations can become arbitrarily large inm
dimensions . The same article (Houchmandzadehd 1 2
2002) also concludes that “clustering” is precluded in the
strict, mathematical sense of divergent fluctuations but
permits the practical definition of described earlier.l 1 lr r
The higher dimensional systems can be thought of as less
constrained topologically and less likely to demonstrate
clustering. In the case of a BRW with developmental en-
trenchment, the strict mathematical definition for clus-
tering is satisfied, even in . When the diffusion rated 1 2
diminishes toward 0, the higher dimensional system be-
haves like a system of disconnected spatial patches where
clustering is expected. The case of logistic diversification
seems a natural subject for future work. Much of the cur-
rent work on fluctuation-induced clustering (Houch-
mandzadeh 2002; Fuentes et al. 2003; Shnerb 2004) could
easily be applied and extended to the initial conditions
and evolutionary models considered in the study of
morphospace divergence from a single lineage.
BRW with Mass Extinctions
In the context of BRWs, a mass extinction event is con-
sidered to be the simultaneous extinction of multiple lin-
eages at a given instant in time. Consider a group of N
lineages at time t with continuous trait values . The sim-xi
plest type of extinction event is one in which a random
fraction, , of lineages is killed irrespective of their0 ! p ! 1
phenotypic traits, leaving only remaining.′N ≈ (1  p)N
Such an extinction inexorably alters the occupation of
morphospace, but does it do so in a statistically significant
manner? For example, how does the average pairwise dis-
tance squared, between lineages, differ before and2AL S
after such an event? Random subsampling of lineages will
not alter the underlying spatial distribution of morpho-
space occupation and its derived spatial statistics (ignoring
corrections on the order of ). Therefore, the expected1/N
value of should be approximately equal before and after2L
an extinction event, despite the sparser coverage of
morphospace.
We may then imagine running forward in time the same
set of dynamics that generated the preextinction pattern
in morphospace with the remaining lineages. What hap-
pens once the number of extant lineages has returned to
the preextinction level of N? If increases with time2AL (t)S
for the BRW (as it does for all BRWs considered except
for those with developmental entrenchment), then the
mean pairwise distance squared should increase. Thus, the
expected value of will be greater at than at t,2L t  t
where t is the time necessary for the number of lineages
to increase from to N. The increase of occurs despite′ 2N L
the fact that the number of lineages drops precipitously
at a given time or sequence of times. Results from a typical
simulation with a sequence of three extinction events with
are shown in figure 4. The passage of time, notp p 0.9
the number of mass extinction events, is the dominant
driver of the increase in morphological disparity. This by
no means catalogs the effect of mass extinctions on all
aspects of morphospace occupation. Rather, it provides an
expectation of how morphospace structure is affected by
nonselective mass extinctions.
Discussion
Branching random walks are a class of models that can
be used to provide null expectations of patterns of
morphospace occupation under different conditions. The
impetus for this exploration of BRWs was a seminal article
by Raup and Gould (1974) that explored a model similar
to our own, namely a branching process with fixed ex-
tinction and diversification rates, and exclusively punc-
tuated evolution where only one of the daughter lineages
was allowed to evolve through discrete steps in morpho-
logical space. Interestingly, their findings include an ir-
regular occupation of morphospace reflecting the diffusion
of character traits that share a common phylogenetic his-
tory. The nonhomogeneous occupation arises because re-
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Figure 4: Average pairwise distance square, (solid line), and number of lineages, (dashed line), as a function of dimensionless time for a2L (t) N(t)
simulation of a BRW without extinction but with a sequence of three mass extinction events. The mass extinction events for which a fraction
of lineages is eliminated occur at dimensionless times 6.2, 8.5, and 10.8. Notice that continues to increase after each mass extinction2p p 0.9 L (t)
event.
lated lineages undergo correlated random walks; although
the resulting character traits of any given simulation are
random, their relatedness is inevitable. However, our re-
sults indicate that the formation of discrete clusters in
morphospace is not characteristic of all BRWs, being pres-
ent only in cases of logistic lineage diversification and in
the presence of developmental entrenchment.
Foote (1990) extended the Raup-Gould approach to a
wider range of conditions. His models also used expo-
nential lineage growth and discrete character transitions
but focused on morphological diversity on a single di-
mension. Several evolutionary scenarios were explored, in-
cluding logistic lineage diversification, developmental
entrenchment, and variation in lineage turnover. Inter-
estingly, our results differ from those obtained by Foote
in two main issues. First, in the case of a simple BRW
with exponential diversification, we observed that average
pairwise distance squared increases nonlinearly over time.
Second, developmental entrenchment in our model caused
an increase, followed by a waning and finally a constant
level of morphologically diversity, a pattern surprisingly
similar to the dynamics of the Cambrian explosion de-
scribed by Gould (1989). Conversely, Foote’s results in-
dicated an asymptotic increase in morphological diversity,
leading him to conclude that it was not possible to decide,
on the basis of taxonomic diversity and morphological
disparity alone, the reasons for the temporally and hier-
archically heterogeneous deployment of disparity. The rea-
son for this discrepancy is simple. Although both models
used a monotonic decrease in the rate of morphological
diffusion to simulate developmental entrenchment, even
in the smallest morphological steps in Foote’s model, the
typical length scale over which a lineage diffused in mor-
phospace before a speciation/death event was still large in
relation to the average distance between lineages. In other
words, morphospace diffusion dominated lineage diver-
sification as the leading factor in determining morphos-
pace structure, as explained above. Had Foote chosen an-
other monotonically decreasing function and allowed the
simulation to run longer, he would probably find results
similar to our model. This difference highlights the utility
of analyzing the structure of morphospace in addition to
variation in overall disparity over time.
Surprisingly, several aspects of the dynamics of morpho-
space occupation might not necessarily require special ex-
planations given a BRW with extinction. This conclusion
was anticipated by Foote (1990), who suggested that a
progressive increase in the apparent nonrandomness of
some aspects of morphospace occupation may be an ex-
pected consequence of diversification, with or without
overriding ecological changes. One example is the (ap-
parent) preferential elimination of lineages at the extremes
of a morphospace (Foote 1993), a pattern often interpreted
as evidence for higher susceptibility to extinction of spe-
cialized lineages (as indicated by their marginal position
in morphospace). As shown in this article (see fig. 2 for
an example), the relative concentration of lineages in cer-
tain areas of morphospace is not necessarily the product
of an underlying adaptive landscape but rather an expected
outcome of some simple classes of BRWs. Clustering can
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arise as a consequence of extinction occurring everywhere
in morphospace but speciation always occurring next to
an extant lineage. Therefore, in order to demonstrate that
the positioning of lineages in morphospace is caused by
selective pressures, one needs to demonstrate that the ob-
served patterns are significantly different from what would
be expected by chance alone. Demonstrating the influence
of adaptive landscapes on patterns of morphospace oc-
cupation might therefore be very difficult to demonstrate
empirically, a conclusion also reached by Gavrilets (1999b).
It is worth noting that repeated simulations of BRWs that
display “clumping” should not preferentially cluster in the
same portion of morphospace; that is, the average trait
value of clusters is itself a random variable, which suggests
a future avenue for comparison between BRW models and
data.
Any comparison between theory and paleontological
data is made more difficult by the often incomplete and
noisy fossil record. These properties hinder detailed quan-
titative analyses that are often necessary to discriminate
alternative macroevolutionary hypotheses. An important
new area of research is the combination of neontological
data with a time frame provided by molecular phylogenies.
For instance, Harmon et al. (2003) analyzed four large
lizard radiations to test whether morphological diversity
was most strongly partitioned within rather than between
subclades, a result that would be consistent with a dis-
proportionately faster rate of morphological diversification
early in the history of those clades. These results were then
compared with a null expectation based on the simulation
of character evolution on the inferred phylogenies using
a Brownian model. Interestingly, different lizard clades
showed varying levels of subclade partitioning of mor-
phological diversity, a pattern that seems to be regulated
by the dynamics of lineage diversification. The formalism
of BRWs presented in this article can provide a firm frame-
work for future work where such phenomena can be sys-
tematically explored.
Branching random walks might also be useful in the
analysis of morphospace occupation during adaptive ra-
diations. Erwin (1994; see also Ciampaglio 2002) suggested
that measuring morphological disparity before and after
mass extinctions could provide a test of the ecospace and
genomic hypotheses. According to Erwin, extensive mor-
phological innovation occurs after mass extinctions be-
cause of the availability of ecospace. On the other hand,
morphological diversification is limited under the genomic
hypothesis. Our model suggests that these predictions de-
pend on the branching process. First, if the species that
survive a mass extinction are a random sample of the
preexisting species, the statistical structure of the morpho-
space remains unchanged though it is sparser (see fig. 4
for an example), confirming previous verbal arguments
(Foote 1993). In fact, detailed analysis of crinoid and blas-
tozoan morphological diversity before and after three mass
extinctions (end-Ordovician, end-Devonian, and end-
Permian) suggests that morphospace structure is indeed
conserved across mass extinctions (Ciampaglio 2002). This
says nothing of the postextinction dynamics, which may
well be limited because of entrenchment or may simply
refill the sparse morphospace made available by the
extinction.
Several authors have suggested that rapid phenotypic
diversification can be caused by an increase in morpho-
space dimensionality (Erwin 1994; Kauffman 2000). For
instance, Erwin (1994) suggested that the Cambrian ex-
plosion involved a process where morphospace was ex-
panding in dimensionality during the radiation, and this
expansion promoted further expansion through a “positive
feedback” mechanism. Although the dynamics leading to
the increase or decrease of dimensionality of morphospace
cannot be directly inferred from the model presented here,
our results confirm a slightly modified version of the pre-
vious verbal arguments. The rate of diffusion in morpho-
space increases with dimensionality in proportion to ,1/2d
suggesting that the largest increases in the rate of morpho-
space occupation occur when additional dimensions are
added to less complex organisms. Interestingly, this ob-
servation indicates a previously unrecognized trade-off:
although the rate of morphospace diffusion increases with
dimensionality, the rate of adaptive evolution decreases
with it. High dimensionality has been recognized as hin-
dering adaptive evolution, since Fisher (1930) suggested
that the chance that a mutation of a given size will be
favorable declines with the complexity of an organism,
where complexity is defined as the number of morpho-
space dimensions. This issue has been recently addressed
by Orr (2000), who showed that the magnitude of the cost
of complexity is even higher than Fisher’s analysis had
suggested. By taking into account the fact that favorable
mutations must escape stochastic loss when rare (Kimura
1983), Orr used a population genetic model to show that
the rate of adaptation of an organism declines as fast as
. Therefore, the trade-off described here would predict1d
that maximum long-term evolvability of a clade would
occur at intermediate dimensionality. Moreover, mecha-
nisms to decrease morphospace dimensionality, such as
canalization, epistasis, and modularity (Wagner and Al-
tenberg 1996), may be not only necessary but also fun-
damental components to allow adaptive evolution by act-
ing as modulators of evolvability.
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APPENDIX A
Spatial Spread of a Branching Random Walk
Studies of morphological character evolution often classify
the degree of spread/difference of a collection of lineages
based on the average pairwise distance between phenotypic
traits (e.g., Ciampaglio 2002). In this appendix, we cal-
culate a number of basic measures related to the spatial
spread of branching random walks, including but not lim-
ited to average pairwise distance.
Consider the divergence of a population of lineages that
share a single, common ancestor. Intuitively, it would seem
that at early times the average pairwise distance between
lineages would be small, reflective of their common ori-
gins. As time increases, so too does the spread of phe-
notypic traits in a neutral morphospace. Is it possible to
move beyond such qualitative claims? Fortunately, the an-
swer is yes, though exact results are, at times, difficult to
derive. In so doing, we focus on three related measures of
spread: the total disparity, ; the pairwise distance be-2Z (t)
tween lineages, ; and the pairwise distance squaredL(t)
between lineages, .2L (t)
Population Measures of Spread
The spread of lineages in morphospace may be viewed as
a stochastic, individual-based approach to the problem of
population spread (Skellam 1951; van den Bosch et al.
1990). The analysis of the spatial spread of populations is
typically analyzed by examining changes in density, where
is the expected number of points within a volumer(x, t)dV
centered around the position at time t. The equationdV x
describing the density dynamics is
dr
2p D∇ r  (b  m)r, (A1)
dt
where D is the diffusion constant. Given an initial density
of points at the origin, a density front grows outward in
a spreading process with asymptotic velocity v ps
. However, as pointed out by Young et al.1/2[D(b  m)]
(2001), the continuum approximation is of limited use for
analyzing spatial patterns when . Additionally, theb p m
continuum approach is not even applicable in the case of
a small number of lineages.
We therefore develop a series of measures that accounts
for the divergence of individual lineages. When , ab 1 m
spreading process persists with probability p p 1  m/bs
(Kendall 1948). In such a case, what is the typical region
over which the surviving particles are distributed? We de-
fine the total disparity, , to be the measure of this2Z (t)
spread. For a given realization,
N
1




 x p x0 iN ip1
is the average position of the lineages in morphospace.
After some algebraic manipulation, the equation for 2Z
may be written as
N1 N
1
2 2 Z p (x  x ) . (A3)  i j2N i jpi1
Hence, the total disparity of a BRW may be recast in terms
of the average pairwise distance squared between lineages.
Analytical methods to solve for this expression are derived
in the following.
Mean Pairwise Distance and Pairwise Distance Squared
Consider a set of N lineages with d-dimensional positions,
. The pairwise distance between lineages is{x }i
N
2
 L(t) p Fx (t)  x (t)F, (A4) i jN(N  1) 1i, j i
and the pairwise distance squared is
N
2
2 2 L (t) p (x (t)  x (t)) . (A5) i jN(N  1) 1i, j i
The relevant calculation for studies of morphospace oc-
cupation is to predict the ensemble-average quantities,
and . The difficulty in taking such an ensemble2AL(t)S AL (t)S
average is that is itself a fluctuating quantity. For anyN(t)
given realization, it is worth noting the useful relation,
2N
2 2L p Z , (A6)
N  1
since it is computationally simple to calculate .2Z
It is important to note that is not proportional2AL (t)S
to t for a simple BRW as would be the case for a random
walk with a fixed number of lineages. The basic reason
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Figure A1: Average pairwise distance squared, , as a function of the dimensionless time is compared with theory and limiting curves. The2AL (t)S bt
solid line is the prediction of equation (A8). Lower dotted line is that of the average displacement squared of a single random walker. Upper dashed
line is that of the average squared separation of two random walkers who begin together at the origin and is equal to the expected average pairwise
distance squared for random walks without branching.
for the nonlinearity is the presence of correlations among
lineages. An arbitrary particle pair and share a x (t) x (t)i j
common spatial and phylogenetic history until ,t p t
where t is the latest time at which i and j share a common
ancestor. When , the spatial component of the branch-t 1 t
ing random walk is decoupled for the pair. Therefore, the
average distance between such a pair is proportional to
, where d is the dimension and D is a morpho-1/2[dD(t  t)]
space diffusion constant. Likewise, the average distance
squared between such a pair is exactly , that is,4dD(t  t)
twice the variance of a single random walk.
In order to make progress analytically for BRWs, we
consider the case of and , that is, the branch-b 1 0 m p 0
ing random walk without extinction. A pair of lineages
may be viewed as two lines in trait space with a single
branch point (Hansen and Martins 1996). An expression
for the average pairwise distance squared is
 t P (t)nnp2
2AL (t)S p dt4dD(t  t)Q(t; n(t), b), (A7)1  P(t)1 0
where is the probability of finding n lineages at timeP (t)n
t and is the probability of an arbitrary pair ofQ(t; n(t), b)
lineages separating at time given that the branchingt ! t
process resulted in n lineages at time t with branching rate
b. An expression for is known (Harris 1963), whileP (t)n
the authors are unaware of an analytical expression for
. We attempt to approximate by assum-2Q(t; n(t), b) AL (t)S
ing that every pair of lineages acts independently. In the
absence of correlations, the probability a branch point
occurred within of is , and sobt btdt t p t dtbe /(1  e )
we write
t btbe
2AL (t)S ≈ dt 4dD(t  t), bt1  e0
4dD bt
p  1 . (A8)
bt( )b 1  e
This approximation exceeds that of the ensemble average
from simulations and agrees with a biased average2AL (t)S
that weights simulations with N lineages by . TheN(N  1)
actual ensemble average weights all processes equally re-
gardless of N. Comparison of equation (A8) with numer-
ical analysis is presented in figure A1.
There are certain features of the theoretical approxi-
mation and simulation results in figure A1 that are worth
noting. The first is that it is an asymptotically exact result
for , where we can ignore the probability that morebt K 1
than one branch point will occur. The next interesting
point is that when , , that is, the same2bt K 1 AL (t)S p 2dDt
as for the spread of a single walker diffusing from the
origin. However, when , , that is, the2bt k 1 AL (t)S r 4dDt
same as for the spread of two walkers diffusing from the
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origin. Despite the fact that this theory is not yet exact, it
suggests that the average pairwise distance squared should
be nonlinear with a transition in slopes near . Like-t ≈ 1/b
wise, the average pairwise distance should not be exactly
proportional to .1/2t
APPENDIX B
Clustering Metrics for Branching Random Walks
Statistical physics has long used the method of continuum
percolation to cluster points (Stauffer and Aharony 1992).
The notion of percolation is that there exists a connected
chain of points, where the definition of “connected” de-
pends on the phenomena under investigation. Methodo-
logically, the idea is to connect all points for which there
is a connected chain of points that have interparticle dis-
tances less than r. In more detail, the method is the fol-
lowing. First, calculate the interparticle distances between
all points in the set and denote these distances by{X}
. Second, for every set of points i and j, evaluate whetherdij
they are in the same cluster, . Third, points ix p {0, 1}ij
and j are in the same cluster if or if there exists ad ! rij
set of points such that , , …,k , k , … , k d ! r d ! r1 2 n ik k k1 1 2
.d ! rk jn
For a given set of points and a given scale r, the{X}
number of clusters will decrease from whenn p N r rc
to when . For a set of points with density0 n p 1 r r c
r, the number of clusters will undergo a transition at
1
r ≈ . (B1)2 r
Likewise, the mean cluster size will go from toc(r) p 1
as r goes from 0 to .c(r) p N 
The mean cluster size has been used in forest ecology
studies to analyze clustering of tropical trees (Plotkin et
al. 2002). Nontrivial spatial correlations generate a stair-
case pattern in the mean cluster size as opposed to ac(r)
percolation-like threshold typically observed in random
data. The plateaus themselves denote scales of nontrivial
organization aside from that set by .1/21/r
This clustering technique provides a standard means to
compare data sets with differing number of lineages N,
which is especially useful in the case of branching random
walks. If the data has been clustered into M clusters, each




2AcS p c . (B2) iN i
The mean cluster size is normalized, , to extendĉ p AcS/N
from 0 to 1. The normalized distance is , wherer̂ p r/rNN
is the average nearest neighbor distance defined to berNN
1 Vr p , (B3)NN 2 N
where V is the morphometric volume covered. The mor-
phometric volume, V, is defined in all cases to be the area/
volume/hypervolume of the smallest circle/sphere/hyper-
sphere that circumscribes all extant points in morphospace.
All plots of clustering presented in this article are displayed
in terms of versus .ˆ ˆc r
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